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In the recent experimental and theoretical literature well-established nonclassicality criteria from
the field of quantum optics have been directly applied to the case of excitations in matter-waves.
Among these are violations of Cauchy-Schwarz inequalities, Glauber-Sudarshan P-nonclassicality,
sub-Poissonian number-difference squeezing (also known as the two-mode variance) and the criterion
of nonseparability. We review the strong connection of these criteria and their meaning in quantum
optics, and point out differences in the interpretation between light and matter waves. We then cal-
culate observables for a homogenous Bose-Einstein condensate undergoing an arbitrary modulation
in the interaction parameter at finite initial temperature, within both the quantum theory as well
as a classical reference. We conclude that to date in experiments relevant for analogue gravity, non-
classical effects have not conclusively been observed and conjecture that additional, noncommuting,
observables have to be measured to this end.
PACS numbers: 04.60.-m, 03.75.Hh, 67.85.-d, 03.75.-b, 03.75.Gg, 34.50.Cx, 42.50.Dv
Bose-Einstein condensation (BEC) is a macroscopic
quantum phenomenon where a large fraction of the
bosons occupy the same lowest quantum state, and thus
form a coherent matter wave. Many properties of the
condensate can be captured by a Schro¨dinger-type equa-
tion for a complex field with a nonlinear potential re-
ferred to as the Gross-Pitaevskii equation (GPE) [1–3].
To cite one example, the GPE correctly predicts discrete
values for the circulation of the velocity field in a BEC [4].
Nevertheless, within this description the evolution of the
condensate can be considered a classical process [5]. On
the other hand it is possible to excite small fluctuations
of the condensate, for example by means of rapid changes
in the condensate parameters [6–11], which may activate
their nonclassical behaviour. An ongoing line of research
is to investigate experimentally the manipulation and de-
tection of fluctuations in BECs, e.g. exploring their quan-
tum nature [12–14] and correlations [11, 15]. This is par-
tially motivated by various analogue gravity studies [16–
19], where BECs are utilized as quantum simulators [5]
of quantum field theories in curved spacetime (QFTCS).
In QFTCS one is interested in how quantum fields prop-
agate on a classical curved spacetime geometry acting as
a non-trivial background configuration. Within analogue
gravity studies the ultimate goal is to mimic and capture
genuine quantum effects predicted from QFTCS. The
field of experimental analogue gravity in BECs started
only a few years ago, and with recent advances, e.g. mim-
icking black hole evaporation [9, 10, 20–22] and cosmo-
logical particle production in our universe [13, 23–26],
and the debate on the nonclassicality of the observed ef-
fects is as timely as ever. Hence, it is essential to find
suitable observables that can distinguish between clas-
sical and nonclassical features of excitations in the con-
densate. Although in principle possible, we are lacking
a Bell-type experiment to rule out any classical model
(assuming local realism) for the excitations in a BEC,
and in this sense establish their nonclassicality once and
for all [27, 28]. We partially address this issue, by inves-
tigating a more restrictive notion of nonclassicality. A
system shows nonclassical behavior precisely when the
observations made are incompatible with the predictions
of a specific classical reference: a specified classical the-
ory and the accessible observables.
Our approach is mainly motivated by the quantum
optics revolution [29]. Maxwell’s theory of electromag-
netism supplies us with an excellent classical description
of light as a wave phenomenon. There are however situ-
ations where the quantum nature of light cannot be ne-
glected. For example, antibunching experiments provide
direct evidence for the existence of photons [30, 31] (we
explain this effect in more detail in the next section).
Within quantum optics nonclassicality criteria have been
defined that delineate between classical and nonclassical
attributes of the quantum states. Since the quantum
theories of both light and BECs can be described in a
Bosonic Fock space, one can in principle apply nonclas-
sicality criteria taken or inspired from quantum optics
to the BECs. However, as we will demonstrate, one can
not always carry over the interpretation as well. Below
we demonstrate the pitfalls involved in even establish-
ing nonclassicality with currently accessible observables
in the sense of ruling out a given classical theory.
We focus on the case of the finite-temperature ho-
mogeneous BEC undergoing an arbitrary parametric
excitation due to a variation of the scattering length.
From an experimental perspective this can be imple-
mented straightforwardly, see for example [6, 7, 23]. For
the quantum description we assume quadratic Bogoli-
ubov theory which neglects phonon interactions so that
the non-equilibrium dynamics can be solved for exactly.
It preserves the Gaussianity of the quantum state. As a
classical reference we employ a quadratic semiclassical
approach based on the GPE with an initial thermal
ar
X
iv
:1
60
1.
06
76
6v
1 
 [q
ua
nt-
ph
]  
25
 Ja
n 2
01
6
2mode population which also preserves Gaussianity.
The quantum mechanical predictions for the moments
of mode occupations approach the predictions of this
classical theory in the high temperature limit.
Motivated from quantum optics studies three kinds
of inequalities were utilized in recent BEC experiments,
with the goal to determine nonclassicality in atom optics
experiments, namely sub-Poissonian statistics [8, 13, 32–
35], and intensity [14, 34, 36–42] and mode [9, 10, 10, 26,
43–46] Cauchy-Schwarz inequalities (CSIs). Among these
three inequalities sub-Poissonian statistics is the most ac-
cessible variable, as it can be obtained directly from the
normalised number difference variance, also referred to
as the two-mode variance (TMV), see eqn. (4-5). The
intensity CSI involves normally ordered density-density
correlations of two symmetrically occupied modes, and is
violated when the normally ordered cross-correlations ex-
ceed the normally ordered auto-correlations, see eq. (2).
In [14] it was argued that the normally ordered density-
density correlations are accessible in time-resolved time-
of-flight (TOF) measurements. The mode Cauchy-
Schwarz inequality, see eq. (27), is a comparison between
anomalous and mode density. A direct measurement of
the anomalous density is not possible, but recently an
indirect measurement of it has been suggested [10, 47].
As we shall see, from all of the above mentioned crite-
ria only the mode CSI is in principle a sufficient measure
of nonclassicality in the sense of ruling out our classical
reference. We also show that given some stronger as-
sumptions, i.e. the validity of the approximate quantum
theoretical model (within the Bogoliubov approximation
the quantum states for the excitations are Gaussian), all
of the three criteria are mathematically equivalent, and
since the mode Cauchy-Schwarz inequality is violated if
and only if the state is nonseperable [48], all three of
them can equally well facilitate as entanglement criteria.
Nevertheless we show explicitly, when it comes to the
experimental realisation of the above mentioned criteria,
none of them are sufficient measures of nonclassicality in
the experimental setup under consideration here.
I. NONCLASSICALITY CRITERIA TO FALSIFY
A SPECIFIC CLASSICAL THEORY
In quantum optics an important class of observables is
provided by absorbing photodetection. As a case in point
we consider monochromatic light emitted from a point
source and photo detectors with no dead time that detect
light of a specific wave vector. In the semiclassical theory
of atom-light interactions [49, 50] the joint click rates of a
single or several photodetectors are directly proportional
to the moments of mode intensities. In the theory of the
quantized field the intensity Ia of a mode a is represented
by the photon number operator nˆ = aˆ†aˆ, and the joint
click rates are proportional to normally and time ordered
moments of this operator [51]; e.g. for m coincident mea-
surements at equal time and position they are propor-
tional to 〈(aˆ†)maˆm〉 = 〈nˆ(nˆ− 1) . . . (nˆ−m+ 1)〉. The
destructive measurement of photons results in decreased
auto-correlations, while the classical reference assumes
a “non-destructive” measurement of waves resulting in
〈nm〉cl, where n = I is the (fluctuating) mode intensity.
For example consider the observation of intensity correla-
tions C(τ) = E(I(t)I(t+τ)) of continuously emitted light
(i.e. in a stochastic steady-state) from a fluorescing atom
at two subsequent times separated by τ as recorded by a
single detector. (We use the notation E(...) for mean val-
ues of observables as measured in the laboratory.) If the
density-density correlations are increasing with τ ≥ 0,
we can rule out the classical model because the Cauchy-
Schwarz theorem would always imply dC/dτ(0) ≤ 0 [51].
However, the observation of dC/dτ(0) > 0, known as
photon antibunching, was reported in [30]. This effect is
genuinely nonclassical by definition because it is not un-
derstood within the classical reference. Within quantum
theory, the observed data can be explained by the fact
that single photons are arriving with a tendency of being
separated from each other and the normally ordered cor-
relator is strongly decreased. The criterion for quantum
states allowing for the observation of dC/dτ(0) > 0 can
be formulated as the inequality
〈aˆ†aˆ†aˆaˆ〉 < 〈aˆ†bˆ†bˆaˆ〉, (1)
where aˆ = aˆ(t), bˆ = aˆ(t + τ). It follows that this ex-
pression serves as a sufficient nonclassicality criterion for
the quantum state in an experiment of the type outlined
above.
The concept of nonclassical states and any correspond-
ing criteria can be extended to the case of multiple de-
tectors. In particular, let |α, β〉 be a tensor product of
coherent states for two modes a, b entering two detectors
at different positions, and consider the measurement of
coincident click rates, proportional to normally ordered
correlators of nˆa, nˆb in the quantum theory. Further, let
us call states ρ =
∫
dαdβP (α, β) |α, β〉 〈α, β| P-classical
if their Glauber-Sudarshan P-representation P (α, β) has
the properties of a classical (i.e. positive) probability dis-
tribution for the two complex mode amplitudes. Using
the defining property that the coherent states are eigen-
states of their corresponding mode annihilation opera-
tors, it is evident that one can reproduce any coincident
click rate within the classical reference by using P (α, β)
as the probability distribution for the complex classical
mode amplitudes [51–53]. On the other hand, for P-
nonclassical states without such a P-representation there
should exist in principle a coincidence counting experi-
ment falsifying the classical theory. Thus, in the case
of measuring such counting rates in quantum optics, a
state is classical if and only if it is P-classical. A suf-
ficient criterion to establish P-nonclassicality of a state
is similarly given by inequality (1), where now a and b
are two different modes at equal time, as is proven by
contradiction from the Cauchy-Schwarz theorem. This
3inequality is equivalent to
G
(2,2)
a,b > (G
(2,2)
a,a G
(2,2)
b,b )
1/2, (2)
for the special case that G
(2,2)
a,a = G
(2,2)
b,b . Here G
(2,2)
ab ≡
〈aˆ†bˆ†aˆbˆ〉 are the normally ordered correlators. We there-
for refer to this criterion as the violation of the intensity
CSI.
We now discuss the connection of the intensity CSIs
and another correlation measure, the two-mode vari-
ance (TMV), also called the number squeezing parame-
ter [38, 54], which is experimentally accessible by repeat-
edly measuring the intensity of the two modes. The TMV
is defined as the normalized number difference variance
V = V ar(Ia − Ib)/E(Ia + Ib) ≥ 0 (3)
for two modes labelled a and b. Similar to referring to
the case of a single variable with a variance smaller than
its mean as sub-Poissonian, we refer to V < 1 as sub-
Poissonian statistics in accordance with the literature.
However V is sensitive to both the single-mode statis-
tics and two-mode correlations. While V = 1 for the
state |α, β〉, in general neither uncorrelated nor Poisso-
nian variables are necessary for V = 1 [76]. For the
symmetric case, where E((Ia)n) = E((Ib)n) for n = 1, 2,
the TMV simplifies to
V =
E(IaIa)− E(IaIb)
E(Ia)
. (4)
In a quantum theory this can be written as
V = 1 +
G
(2,2)
a,a − G(2,2)a,b
〈nˆa〉 , (5)
so that it follows that V < 1 and a violation of the
intensity CSI are equivalent, as was noted previously
in [14]. Note that since V ≥ 0, equation (4) also proves
that cross-correlations never exceed the non-normally or-
dered auto-correlations; the normal ordering is crucial for
a violation of the intensity CSI. In a quantum theory,
due to the non-zero commutator, the normal ordering
reduces the density-density auto-correlations, such that
G
(2,2)
a,a = 〈nˆ2a〉 − 〈nˆa〉, which allows for G(2,2)a,a < G(2,2)a,b .
For the BEC, the implication that P-nonclassical states
can demonstrate nonclassical behavior is not generally
true, as it is fundamentally based on the ability to mea-
sure normally ordered moments of intensity in the quan-
tum theory while at the same time these are represented
without normal order in the classical reference. We will
see below that this is not the case in the BEC. Thus
the criteria for nonclassical states from quantum optics
based on establishing P-nonclassicality, such as the viola-
tion of the intensity CSI (2), are neither a priori related
to nonclassicality.
To further explore these issues we focus on the specific
example of (parametrically) excited, strongly correlated
two-mode number fluctuations in a BEC [8]. To deter-
mine the validity of the nonclassicality criteria for this
system it is necessary to compare both the quantum and
the corresponding semiclassical theories, as described in
Secs. II and III respectively.
II. QUANTUM THEORY
We consider an interacting Bose gas in a box of volume
V = L3 with time-dependent interaction strength. The
second quantized Hamiltonian is given by
Hˆ(t) =
∑
k
~2k2
2m
aˆ†kaˆk +
U(t)
2V
∑
kk′q
aˆ†k+qaˆ
†
k′−qaˆkaˆk′ , (6)
where aˆk annihilates a single particle eigenstate of the
(translationally invariant) momentum operator and k ∈
2piNd/L . Here we assume the box to be large enough
to approximate its single particle ground state by aˆ†0 |0〉.
For atoms of mass m and s-wave scattering valid in
the ultracold regime, the effective interaction is U(t) =
4pin0~2as(t)/m. In experiments, the time-dependence of
the scattering length as(t) can be achieved by use of an
appropriate Feshbach resonance [7, 55]. We assume all
changes to be slow enough not to excite the bound state
of the resonance [56].
A. Quasiparticles
Our formulation is based on standard Bogoliubov the-
ory valid for a weakly interacting Bose gas [57]. The
Hamiltonian can be diagonalized by retaining only inter-
action terms to quadratic order in the total number of
particles N after the Bogoliubov approximation
aˆ0 = aˆ
†
0 =
√
N −∆. (7)
With the critical assumption of a small depletion of the
condensate, i.e. ∆ =
∑
k 6=0〈aˆ†kaˆk〉  N , the Hamilto-
nian becomes a quadratic expression in the mode oper-
ators. Only modes with opposite momenta are coupled
in a homogenous condensate and we henceforth use the
abbreviated notation aˆ ≡ aˆk and bˆ ≡ aˆ−k. A two-mode
squeezing represented by the transformation
a = uk(t) Aˆ + vk(t) Bˆ
† ;
b† = uk(t) Bˆ† + vk(t) Aˆ ,
(8)
can be used to diagonalise the Hamiltonian. The coeffi-
cients may be chosen as real numbers satisfying u2k−v2k =
1. Then the transformation is a Bogoliubov transfor-
mation, i.e. leaves the bosonic commutation relation un-
changed, [Aˆ, Aˆ†] = 1 = [Bˆ, Bˆ†], and [Aˆ, Bˆ] = 0. Ne-
glecting the ground state energy the Hamiltonian Hˆ(t) =
4∑
k ~ωk(t)Aˆ†(t)Aˆ(t) counts the elementary excitations of
the system, the so-called quasiparticles, with
uk(t), vk(t) =
1
2
(
ekink
ek(t)
)1/2
± 1
2
(
ek(t)
ekink
)1/2
, (9)
with density n = N/V , kinetic energy ekink = ~2k2/2m
and ek(t) = ~ωk(t) =
√
ekink
(
ekink + 2U(t)n
)
, the well-
known Bogoliubov dispersion relation. Assuming the
equilibrated isolated system can be treated in the canon-
ical ensemble with respect to the particles (or grand
canonical with respect to the quasiparticles with vanish-
ing chemical potential as their number is not conserved),
with the density operator ρˆth ∝ exp (−βHˆ),
〈Aˆ†Aˆ〉th = 1
exp(~ωk/kBT )− 1 =: n
th
k , (10)
and the anomalous quasiparticle average 〈AˆBˆ〉th = 0.
For continuous time dependence of U(t) the Heisen-
berg equations for the operators are, with S(t) =
(A(t), B(t)†)T , given by dS/dt = M(t)S where
M(t) :=
(
−iωk d log
√
ωk
dt
d log
√
ωk
dt iωk
)
. (11)
This implies that it is possible in general to describe the
time evolution by a further linear transformation of the
form
Aˆ(tout) = α∗k Aˆ(t
in) + βk Bˆ
†(tin) ;
Bˆ†(tout) = αk Bˆ†(tin) + β∗k Aˆ(t
in) .
(12)
The complex coefficients α∗k, βk and αk, β
∗
k are the en-
tries of the first and of the second row of the funda-
mental matrix ϕ(t = tout) of system (11) respectively,
i.e. dϕ(t)/dt = M(t)ϕ(t) with φ(tin) = id. Using
det(ϕ) = exp(tr(log(ϕ))) we have d/dt(|αk|2 − |βk|2) =
d/dtdet(ϕ) = det(ϕ) trM(t) = 0 so that |αk|2−|βk|2 = 1
at all times and (12) is a Bogoliubov transformation. We
choose with no loss of generality tout = 0 such that for
t > 0 the interaction strength is kept constant, defining
the out-region, in which the time evolution is a trivial
phase oscillation. Note that the arbitrary time depen-
dence of U(t < 0) is now encoded in the complex Bo-
goliubov coefficients αk and βk subject to the normalisa-
tion constraint. The dependence of these coefficients on
U(t < 0) is implicit in our notation.
By a periodic modulation of the interaction strength,
|βk| grows exponentially with the number of periods if
k is in a region of instability. For example, for low
amplitude sinusoidal modulations of the form U(t) =
U0(1+A sin(ωDt)) with A 1 the first resonance occurs
at ωk = ωD/2 [58]. More generally, some algebra shows
the unstable regions are given for Re{α(1)k } > 1, where
α
(1)
k is taken from the solution of system (11) integrated
for a single period. Analytic results may be obtained
in the case of a square wave modulation, for which we
denote the amplitude piA/4. Furthermore, the position
and growth rate of the first resonance [77] of a sinusoidal
modulation with a large amplitude can be approximated
by a series of sudden changes of this kind. Interestingly,
this also predicts the positions of extremely fast growing
parametric resonances occurring only for certain, large
enough A. Fast growing, nonperturbative parametric res-
onances have been suggested to cause preheating in the
reheating process of the inflationary universe [59]. Note
however that such resonances increase the condensate de-
pletion dramatically and will eventually lead to violation
of the assumed linear theory. Parametric resonance for
the nonlinear, classical problem has been studied ana-
lytically for a variation of the trap in [60] and numeri-
cally for a variation of the scattering length in [61]. For
the purpose of the present work we may consider a nar-
row resonance due to sinusoidal modulation with A 1.
Even when the first resonance mode is strongly excited,
the particle number can be insignificant with respect to
the total depletion for a system with many modes.
B. Real particles
We are primarily concerned with the momentum-space
observables, which are the expectation values of prod-
ucts of time-dependent real particle operators of the
form a(t > 0) and/or its conjugate, as these observ-
ables can be measured in current experiments, e.g. us-
ing the standard time-of-flight method [1, 62]. Note, this
is in contrast to most of the analogue gravity studies
on similar subjects, which focus on the quasi-particles
modes, e.g. [17, 26, 44, 45, 47]. Combining the in-
teraction squeezing (8) with the parametric excitations
for t < 0 (12) and the subsequent phase evolution, we
have aˆ = λk(t)
∗ Aˆin + γk(t) Bˆin† and b† = λk(t) Bˆin† +
γ∗k(t) Aˆ
in. Because the Bogoliubov transformations form
a group, the coefficients of the total transformation sat-
isfy |λk(t)|2 − |γk(t)|2 = 1, and are given by
λk(t) = u
out
k αke
iωoutk t + voutk βke
−iωoutk t; (13)
γk(t) = u
out
k βke
−iωoutk t + voutk αke
iωoutk t, (14)
and a straightforward calculation shows that
|γk(t)|2 = (voutk )2 + |βk|2 + 2(voutk )2|βk|2 ×
× (1− κk cos [2ωoutk t+ δk]) , (15)
where κk = [(1+(v
out
k )
−2)(1+|βk|−2)] 12 and δk = argαk−
arg βk.
Starting from a thermal initial state, the number of
particles in mode k for t > 0 is given by
nk(t) := 〈aˆ†aˆ〉 = nthk + |γk(t)|2 + 2nthk |γk(t)|2. (16)
Here nthk refers to the initial population when U = U(t
in).
With expression (15) the depletion
∆ =
∑
k
nk(t) (17)
5is when time averaged,
∆ =
∑
k
[
nthk + v
out
k
2 + |βk|2
+ 2(nthk v
out
k
2 + nthk β
2
k + v
out
k
2β2k)
+ 4nthk v
out
k
2β2k
]
, (18)
in particular containing the following three terms: the
thermal depletion nthk which vanishes only for T
in = 0,
the depletion due to interactions voutk
2 which vanishes
only for Uout = 0, and the quasiparticle production β2k
which vanishes only for U = const. Furthermore all three
mutual dual products of these terms appear as well as the
triple product, signifying mutual amplification of these
processes. For large but finite volume it is possible to stay
in the validity regime of the Bogoliubov theory ∆  N
by reducing the scattering length sufficiently. Significant
interactions are still possible by increasing the particle
density. For the rest of this paper, we assume that we
are in this regime.
The only other non-vanishing correlation containing
two operators is
mk(t) := 〈ab〉 = γk(t)λ∗k(t)(1 + 2nthk ). (19)
The modulus squared
|mk(t)|2 = |γk(t)|2(1 + |γk(t)|2)(1 + 2nthk )2 , (20)
is referred to as the anomalous density. As we shall see
the anomalous density plays an important role in terms
of establishing the nonseparability for the quantum fluc-
tuations in a BEC.
C. Correlations
The two-mode squeezed thermal state we are consid-
ering here is the exponential of a quadratic expression in
the mode operators. For such Gaussian states, a finite
temperature Wick theorem exists for mode operator mo-
ments in anti-normal, normal, and symmetrized order,
respectively. Higher moments can be computed by sim-
ply summing over all possible pairings of second moments
of the mode operators.
This immediately gives the normal ordered correla-
tion functions, where for clarity we reintroduce the k-
dependence, as
G
(2,2)
k,k′ (t) =
2n
2
k(t) k
′ = k
n2k(t) + |m2k(t)|2 k′ = −k
n2k(t) else
. (21)
In our abbreviated notation, G
(2,2)
aa = 2n2k(t) and G
(2,2)
ab =
n2k(t) + |m2k(t)|2 . Then, the two-mode variance (5) is
V = 1 +
n2k − |mk|2
nk
. (22)
Thus, we have sub-Poissonian statistics and violation of
the CSI if and only if |mk|2 > n2k. This is an entan-
glement criterion which was first derived in the context
of cosmological inflation [43] and subsequently applied
to the phonons of quenched and parametrically excited
BECs in [26, 44]. The connection of entanglement to the
violation of the CSI has been noticed previously [48]. We
can rewrite expression (22) as
V =
nthk (1 + n
th
k )
nthk (1 + 2|γk|2) + |γk|2
, (23)
and in particular simplify the condition V < 1 to obtain
|γ2k(t)| > nthk (T/2). (24)
Taking the limit of vanishing interaction Uout → 0
quasiparticles reduce to real particles and the term |γ2k(t)|
may be replaced by |β2k| in (24). Then this expression
agrees with the phonon entanglement criterion found
in [63].
We now give an independent (and short) derivation
that (24) is a nonseparability criterion for the real parti-
cles, i.e. atoms, of opposite momenta.
For a given partition of the Hilbert space into each of
the two modes and the rest of the system H = Ha ⊗
Hb ⊗ Hr we may ask if a product state ρ = ρab ⊗ ρr is
separable with respect to the first two spaces. This means
by definition that the bipartite state can be written as a
mixture of products (i.e. a convex sum), ρab =
∑
i piρ
i
a⊗
ρib with
∑
i pi = 1 and pi > 0, and the subsystems’ states
ρim might be taken to be pure without loss of generality.
If this is not possible one has a nonseparable or entangled
state with respect to Ha ⊗Hb [64].
A requirement for a separable state is that the par-
tial transpose of the density operator is again positive
semi-definite [65]. If this is not the case the state must
be nonseparable. For continuous variable two-mode sys-
tems, like for the two modes a, b considered here, the
implication of this sufficient nonseparability criterion for
the covariance matrix is also necessary for nonseparabil-
ity if the state is a Gaussian Wigner function [66]. A
straightforward procedure to evaluate this entanglement
criterion conveniently written in terms of moments of the
annihilation and creation operators directly is to consider
the determinant [67]
D5 =
∣∣∣∣∣∣∣∣∣∣∣
1 〈aˆ〉 〈bˆ†〉 〈bˆ〉 〈aˆ†〉
〈aˆ†〉 〈aˆ†aˆ〉 〈aˆ†bˆ†〉 〈aˆ†bˆ〉 〈aˆ†2〉
〈bˆ〉 〈aˆbˆ〉 〈bˆ†bˆ〉 〈bˆ2〉 〈aˆ†b〉
〈bˆ†〉 〈aˆbˆ†〉 〈bˆ†2〉 〈bˆbˆ†〉 〈aˆ†bˆ†〉
〈aˆ〉 〈aˆ2〉 〈aˆbˆ†〉 〈aˆbˆ〉 〈aˆaˆ†〉
∣∣∣∣∣∣∣∣∣∣∣
. (25)
Here rows and columns have been reordered such that D5
trivially splits into the product of two sub-determinants
for our case,
D5 = (n
2
k − |mk|2)((nk + 1)2 − |mk|2). (26)
6The state is entangled iff D5 < 0 [67]. Since in general
|〈ab〉|2 < 〈na〉〈nb + 1〉 [68] the second factor is always
positive and we have simply |mk|2 > n2k ⇔ entanglement,
completing the proof.
Since for any mixed separable state |〈ab〉|2 ≤
〈a†a〉〈b†b〉, |mk|2 > n2k implies nonseparability even for
non-Gaussian states [67, 69]. Hence the nonseperabil-
ity criterion is equivalent to a mode Cauchy-Schwarz in-
equality violation,
|〈aˆkaˆ−k〉|2 > 〈aˆ†kaˆk〉〈aˆ†−kaˆ−k〉, (27)
applicable to Gaussian and non-Gaussian states. The
intensity Cauchy-Schwarz violation (2) itself on the other
hand does not imply nonseparability in general when the
moments do not factorize as for Gaussian states. For
example, V = 0 for (mixtures of) Fock states |n〉 ⊗ |n〉
with the same number of particles in mode a and b.
We see from (23) that for the thermal state of the
non-interacting system with γk = 0 the fluctuations are
always super-Poissonian, V = 1 +nthk , and thus the state
is separable. Increasing |γk| due to quantum depletion
or parametric excitations however leads to a decrease of
V and sub-Poissonian statistics and nonseparability are
possible.
For the interacting system in equilibrium, i.e. without
parametric excitation, it can be shown that V as a func-
tion of k increases with decreasing wave number k. For
k → 0, V = 1 is reached for kBT = Un, i.e. the tem-
perature is of the order of the chemical potential µ of
the Bose gas. Here the atoms with opposite momenta are
nonseparable already for all k due to interactions. This
effect is absent for the quasiparticles.
The term |γk|2 on the left hand side of formula (24)
appears in (16). Within (16) it may be interpreted as a
quantum, ‘spontaneous emission’ term, comprising both
quasiparticle production and quantum depletion. Note
that for high temperatures nthk (T/2) 1 Bogoliubov the-
ory implies a spontaneous emission term |γ2k(t)|  1 and
entanglement when sufficiently strong correlations V < 1
are measured, but it also predicts that the spontaneous
emission is insignificant compared to the amplification
of thermal noise. In the next section we show that the
same measurable strong correlations V < 1 which im-
ply entanglement in Bogoliubov theory are possible in a
classical theory without a notion of entanglement. In this
theory the spontaneous emission term is absent and only
amplification of the thermal occupation occurs.
III. CLASSICAL THEORY
When quantum and thermal fluctuations are neglected,
the mean-field dynamics of a Bose-Einstein condensate
are well-described by the so-called Gross-Pitaevskii equa-
tion (GPE), given by:
i~∂tφ =
(
− ~
2
2m
∇2 + V (r) + U(t)|φ|2
)
φ, (28)
where φ(t, x) = 〈Ψˆ(t, x)〉 is the complex-valued macro-
scopic wave function and V (r) is the trapping poten-
tial taken to be zero for the homogeneous case consid-
ered here. Formally the GPE can be obtained from
the Heisenberg equation of motion i∂tΨˆ = [Ψˆ, Hˆ] in the
quantum theory and by a replacement Ψˆ→ φ in the op-
erator equation of motion, as is well known. For a more
detailed derivation see for example [2].
A suitable classical Hamiltonian yielding the GPE
from the equation of motion is given by the mean field
energy functional [70]
H[φ] =
1
2
∫
dr
(
~2∇φ∗∇φ/m+ U(t)
∫
dr′|φ|2|φ|2
)
(29)
with the understanding that the complex field φ(x) ≡
(Q(x)− iP (x))/√(2). Indeed with this definition Hamil-
tons equations ∂tQ = δH/δP and ∂tP = −δH/δQ ap-
pear in the form i∂tφ = δH/δφ
∗ = {φ,H}, and the right
hand side of this expression amounts to the same formal
manipulations as in the right hand side of the Heisenberg
equation of motion i∂tΨˆ = [Ψˆ, Hˆ]. We consider the sys-
tem to be in a classical thermal state of the canonical en-
semble with probabilities for a field configuration φ given
by p[φ] = exp(−βH[φ]). As in the quantum case, we may
linearize and diagonalize the theory for sufficiently low
classical depletion ∆ =
∑
k 6=0 φ
∗
kφk. The linear transfor-
mations to the classical quasiparticles (normal modes)
are completely analogous, preserving the correspondence
between the equations of motion of the quantum and
classical case. This similarity between the quantum and
classical linear theory is well known for the common-place
approach of linearizing after deriving the equations of
motion, i.e. writing either Ψˆ(x, t) → φ0(x, t) + δφˆ(x, t)
in the quantum case and φ(x, t) → φ0(x, t) + δφ(x, t) in
the GPE case (for the homogeneous time dependent case
considered here, φ0(t) is constant in space). Thus, we
obtain the equations of motion for the classical theory
without further calculation by making a replacement
Aˆ, Bˆ → A,B (30)
in the corresponding equations from the quantum the-
ory (11), where the classical quasiparticles are defined
by a similar linear Bogoliubov transformation of Fourier
modes of the field as in the quantum case,
a = λ∗kA
in + γk(B
in)∗, (31)
where again we have set φk = a, with the coefficients γk
and λk similarly given by (13) and (14). We identify the
mode intensity E(Ia) with 〈a∗a〉cl, and similarly for the
intensity correlations. Within this classical treatment of
the BEC, we find again by evaluating a Gaussian integral
that 〈A∗A〉cl = nthk,cl and 〈AB〉cl = 0 for the initial ther-
mal state. However now the energy is equally partitioned
over all the field modes,
nthk,cl =
kBT
~ωk
(32)
7in accordance with the high temperature limit of the
Bose-Einstein statistics with vanishing chemical poten-
tial. The equipartition of energy is indeed observed
in equilibrating micro-canonical simulations of the pro-
jected GPE [71, 72]. Note that furthermore it has been
argued there that the projected GPE at finite temper-
ature provides indeed a (classical) theory of the highly
occupied modes of an actual Bose-Einstein condensate.
We do however not rely on a physical interpretation of
the classical theory of this sort; instead, we just use it
as a tool providing a definite classical reference, to define
and isolate the quantum effects.
A. Correlations
Using the Bogoliubov transformation (31) we obtain
n2k,cl := (〈a∗a〉cl)2 = (2|γk|2 + 1)2(nthk,cl)2; (33)
|mk,cl|2 := |〈ab〉cl|2 = 4(|γk|2 + 1)|γk|2(nthk,cl)2. (34)
Notice the absence of terms leading to the spontaneous
generation of field fluctuations within this classical treat-
ment of the excitations. It is also worth stressing that
even in the absence of a modulation, βk = 0, the thermal
noise is correlated by the interaction term in the real par-
ticle basis, which contributes to the (thermal) depletion.
However, for T → 0 this depletion goes to zero in con-
trast to the quantum formulation. From equation (33)
and (34) it is immediate that |mk,cl| < nk,cl. Hence the
mode CSI cannot be violated in this classical theory. This
is in agreement with the mathematical Cauchy-Schwarz
theorem.
The Wick theorem for the evaluation of higher corre-
lation functions now follows from Isserlis’ theorem [73]
directly. The fourth moments needed in expression (4)
for the two-mode variance are E(IaIa) = E(a∗aa∗a) =
2 〈a∗a〉2cl and E(IaIb) = 〈a∗ab∗b〉cl = 〈a∗a〉2cl + |〈ab〉cl|2.
(Note, comparing the classical with the quantum theory
no corrections due to normal ordering are needed in order
to apply Wick’s theorem.)
IV. COMPARISON BETWEEN CLASSICAL
AND QUANTUM THEORY FOR SPECIFIC
OBSERVABLES
Finally we apply our findings to recent experimental
procedures to detect sub-Poissonian statistics, intensity
CSI and mode CSI. We demonstrate that none of these
proposed experimental observables can establish the non-
classciality of the excitations in a BEC.
A. Sub-Poissonian statistics
Independent of the underlying theory the TMV, see
equation (4), can be extracted experimentally via TOF
and / or in-situ measurements. From a single experi-
ment one can extract IaIa, IaIb and Ia. By repeating
the experiment and then averaging over the extracted
quantities one can then get the corresponding expecta-
tion values. As pointed out above if the TMV is smaller
than 1 the statistics of the process is referred to as sub-
Poissonian.
Our classical reference predicts
Vcl =
nthk,cl
2|γk|2 + 1 . (35)
Note that V and Vcl are mathematically inequivalent ex-
pressions, but physically refer to the same observable.
Thus we obtain sub-Poissonian statistics for
|γ2k(t)| > nthk,cl(T/2)−
1
2
, (36)
within a completely classical treatment of small fluctua-
tions in a BEC.
Comparing the quantum result (24) with the classical
result (36), it appears that it is possible in both cases
to produce sub-Poissonian statistics for a sufficiently low
temperature and suitable modulation. We compare the
time dependent value of V for a resonant mode undergo-
ing periodic modulation for both the quantum and clas-
sical cases in Fig. 1. Panel (a) shows the case of T = 0.5µ
and panel (b) T = 2µ. There are three important obser-
vations that can be made from these plots, which are true
for both theories. First, V is in general time-dependent
due to the form of γ2 given in Eq. (15). Second, for suf-
ficiently long driving the oscillations become suppressed
and V approaches zero. The oscillations in V for the
quantum case also suggest that the entanglement cite-
rion (24) is time-dependent. It should be noted that this
refers to mode entanglement in contrast to particle en-
tanglement. Third, the classical value of V is always
below the quantum value. This follows from comparing
the criteria (36) and (24) and given that nthk,cl < n
th
k at
finite temperature. The physical explanation is that our
classical reference is a wave theory and as such is missing
the shot noise due to the discrete excitations (in this case
atom numbers), i.e. the first term on the right hand side
of V ar(nˆk) = 〈nˆk〉 + 〈: nˆknˆk :〉 − 〈nˆk〉2 = nk + n2k. The
classical reference only contains the final term n2k that
has been associated by Einstein to the wave character
of the atoms [74]. The shot noise term is necessary for a
(super-)Poissonian two-mode variance for low occupation
numbers. To see this, we make use of an alternative form
of expression (4), V = (V ar(Ia) − Cov(Ia, Ib))/E(Ia) to
bound V from above by V ≤ V ar(Ia)/E(Ia) for posi-
tive or vanishing correlations. Since classically the vari-
ance scales with the square of the occupation number, V
will always be sub-Poissonian for low enough occupation
numbers. Indeed, for equilibrium and vanishing interac-
tions, (35) becomes Vcl = n
th
k,cl showing the threshold is
an occupation of unity.
We would like to stress that the absence of the shot
noise in the classical theory is not always the cause of the
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FIG. 1: Time dependence of V in the quantum theory (blue) and classical reference (red) for first resonant mode at (a) T = 0.5µ,
(b) T = 1µ, (c) T = 5µ, and (d) T = 20µ. The driving oscillation in both cases is turned off after 40 periods as indicated
by the (red) dotted vertical line. The (red) dotted horizontal line indicates V = 1. For V < 1 one speaks of sub-Poissonian
number squeezing.
obtained sub-Poissonian statistics. At high initial tem-
perature T  1 the shot noise becomes insignificant and
the classical and quantum results approach each other.
For strong enough driving, sub-Poissonian statistics is
possible in both theories, even if the initial thermal state
exhibits super-Poissonian fluctuations.
We conclude that a TMV smaller than 1, and / or sub-
Poissonian statistics is not a sufficient nonclassicality cri-
terion to rule out our specific classical reference.
B. Violation of intensity Cauchy-Schwarz
inequality for time-resolved TOF measurements
As pointed out in (Sec. I) the so-called violation of
the intensity CSI, defined as auto-correlations exceeding
cross-correlations, is only possible if the auto-correlations
are normal ordered in the quantum theory or equiv-
alently Ia(Ia − 1) is measured instead of I2a for the
auto-correlations. If V < 1 a comparison of the cross-
correlations with the auto-correlations in the reduced
form Ia(Ia−1) appears in both the quantum and classical
case. A distinction between the quantum theory and the
classical reference as in coincidence counting experiments
is then not available.
A time-resolved TOF method as proposed in [14] is not
a suitable detection scheme for this purpose. In the TOF
method the atoms are released from the trap, hence the
BEC is destroyed, and the wave description for the ex-
citations breaks down. Collective excitations have been
transferred to a finite number of atoms and hence inde-
pendent of the nature of the collective excitations the
measurement of the auto-correlations is destructive: the
probability to subsequently measure two excitations with
momentum k is proportional to nk(nk− 1). In this sense
the resulting violation of the CSI within a time-resolved
TOF measurement of the density-density correlations is
not a priori incompatible with a suitable classical descrip-
tion. It is instead equivalent to V < 1 and our discussion
of the corresponding interpretation of this case applies
directly to the results in [14].
We conclude a time-resolved TOF measurement as sug-
gested in [14] is not a sufficient nonclassicality criteria for
the excitations in a BEC.
C. Indirect measurement of violation of mode
Cauchy-Schwarz inequality
The mode CSI could provide a way to establish the
nonclassicality of the system. However, the anomalous
density needs to be measured for this purpose. In [9, 47]
in situ density measurements were related to nonsepa-
rability criteria for the case of Hawking radiation which
in the most simple case also reduce to a mode CSI be-
tween upstream and downstream modes [45]. A similar
analysis was also given in [41]. The basic observables are
the atom number densities at different positions in real
space ρ(r) measured for all r by an in situ imaging of the
condensate.
The expectation value 〈ρˆkρˆ−k〉, where ρˆk′ =∫
drρˆ(r)e−ik
′r and ρˆ(r) = Ψˆ(r)†Ψˆ(r), can be obtained
experimentally from the ensemble average E(ρkρ−k) of
the Fourier transform ρk′ =
∫
drρ(r)e−ik
′r of the mea-
sured density ρ(r) over different realisations (shots) of an
identical experiment. Note that ρˆk is not the number op-
erator for mode k but a convolution ρˆk =
∑
p aˆ
†
paˆk+p in-
volving the (dimensionless) real particle annihilation and
creation operators aˆk ≡ V −1/2
∫
drΨˆ(r)e−ikr, as can be
easily verified by using Ψˆ(r) = V −1/2
∑
k aˆke
ikr.
Making use of the Bogoliubov approximation (7) this
is
ρˆk '
√
N(aˆk + aˆ
†
−k). (37)
Here we have assumed that the terms quadratic in the
operators are bound by the total depletion. We can see
immediately that ρˆ−k = ρˆ
†
k and [ρk, ρ
†
k] = 0. Thus
〈ρˆkρˆ−k〉 = 〈ρˆ†kρˆk〉 is a positive quantity and is approxi-
9mately given by
〈ρˆkρˆ−k〉 ' N
[
(aˆ−kaˆk + h.c.) + (aˆ
†
kaˆk + aˆ−kaˆ
†
−k)
]
.
(38)
In our previous notation and exploiting the symmetry
of the state this reads N(aˆbˆ + aˆ†bˆ† + aˆ†aˆ + aˆaˆ†). In the
quantum theory, the expectation value is thus
〈ρˆkρˆ−k〉 = N(2<(mk) + 2nk + 1). (39)
The behaviour of mk = γkλ
∗
k(1 + 2n
th
k ) is determined
by the complex factor
γkλ
∗
k = −|ukvk|(2|β|2 + 1) (40)
+
√
|β|2 + 1|β| [2v2k cos(2ωt+ δk) + e−i2ωt−iδk] .
(Note that vk < 0 was used in the first term.) At times
tm such that (2ωtm + δk) mod 2pi = pi, this reduces to
γkλ
∗
k = −|ukvk|(2|β|2 + 1)−
√
|β|2 + 1|β|(2v2k + 1),
(41)
a negative real number. Since all terms enter the rhs of
equation (41) appear with the same sign at tm the term
|γkλ∗k| is largest at this time. Thus, when measured at
this particular time tm, we can replace the real part by
a minus sign,
〈ρˆkρˆ−k〉 = 2N(nk − |mk|) +N. (42)
We can then see that – assuming the quantum theory –
at tm the mode CSI violation (27) is equivalent to
〈ρˆkρˆ−k〉 < N. (43)
Keeping track of higher order terms shows that one con-
dition for this analysis to hold is ∆  N/nk, which has
to be compared to ∆  N for the validity of standard
Bogoliubov theory, where ∆ is the depletion of the con-
densate (17).
Note that 〈ρˆkρˆ−k〉 = N in the limit of zero temper-
ature, no driving and vanishing interactions due to the
nonvanishing commutator. (The quantum noise causes
the measured in-situ density to fluctuate.) Thus, the ob-
servable consequence of entanglement in this experiment
is a measured supression of these fluctuations. The ab-
sence of quantum noise in any classical reference already
indicates that such a threshold does not exist in our clas-
sical reference.
Indeed, we get by calculation that
E(ρkρ−k) = 〈ρkρ−k〉cl = 2N(nk − |mk|), (44)
hence it is also possible to obtain E(ρkρ−k) < N . Very
much like in the TMV case there are commutator terms
only appearing within the quantum theory that make the
observation imply a violation of the mode CSI.
In summary, an indirect measurement of the mode
CSI of the type suggested in [9, 47] is not a sufficient
non-classicality measure when applied to the case of
excitations in a homogenous parametrically excited BEC.
V. CONCLUSIONS
In this paper we have taken the viewpoint that non-
classical effects in the BEC are those that are incom-
patible with the results obtained using an ensemble of
classical trajectories given by solutions of the GPE. For
excitations in a parametrically excited BEC we showed
that observable strong number correlations as indicated
by V < 1 (related to P-nonclassicality and even nonsepa-
rability of atomic modes in the quantum theory) and an
indirect measurement of the intensity CSI as suggested
in [9, 47] are compatible with this classical theory. Simi-
larly, we argued that a violation of the intensity CSI in a
time-resolved TOF measurement is compatible with the
classical picture of an atomic cloud after destruction of
the BEC. Nevertheless, in the context that the Bogoli-
ubov theory is a valid approximation, a measurement of
V < 1 (or equivalently a violation of the intensity CSI) is
sufficient for P-nonclassicality and nonseparability, both
of which are criteria that assess a given quantum state.
However, these criteria are not suitable to theoretically
single out the spontaneous process of amplified vacuum
noise for analogue gravity studies.
We conclude that the direct experimental verification
of the quantumness of the fluctuations remains an open
challenge for future BEC experiments in general. For this
purpose we propose that additional observables, includ-
ing noncommuting ones, e.g. density and phase fluctua-
tions, have to be measured. Returning to the particular
setup discussed above, a parametrically excited conden-
sate, we would like to point out that such a system can be
used to mimic models of cosmological particle production
in table-top experiments [24]. As argued in this paper,
even within highly controllable and repeatable BEC ex-
periments one is for now facing a similar dilemma to the
one of establishing the quantum origin of the fluctuations
seeding our universe [75]. So far in both cases a suitable
Bell-type experiment, that would for once and all resolve
this issue, is absent.
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